Abstract. Associated with the canonical symplectic structure on a cotangent bundle T * M is the diffeomorphism # : T * (T * M ) −→ T (T * M ). This and the Tulczyjew diffeomorphism T (T * M ) −→ T * (T M ) may be derived from the canonical involution T (T M ) −→ T (T M ) by suitable dualizations. We show that the constructions which yield these maps extend very generally to the double Lie algebroids of double Lie groupoids, where they play a crucial role in the relations between double Lie algebroids and Lie bialgebroids.
There have been several talks this meeting about notions of double for Lie bialgebroids. Some of these have derived from the 1997 construction of Liu ZhangJu, Alan Weinstein and Xu Ping [4] in which they introduced the notion of Courant algebroid, and some have involved elements of super mathematics. I very much hope that before long there will be a clear account of the relations between these various approaches and even a unification of them.
There is another approach to the question of doubles, which was not at first related to Lie bialgebroids, but arose out of broad considerations of what may be called "second-order geometry". It is not possible to describe this approach from scratch in an hour, but it is appropriate at this conference to indicate the broad features of it. This talk therefore takes a slice through the papers [5] , [7] , [6] , [8] , transverse to their chronological sequence and provides an alternative route to approach them. Some aspects of §2 and §4 are new.
I am very grateful to Ted Voronov and Mike Prest for the splendid opportunities and good fellowship which the Workshop provided, and to the London Mathematical Society for its support. I also wish to thank Yvette Kosmann-Schwarzbach for her comments on an earlier version.
1.
The three canonical diffeomorphisms with which the paper begins are associated with iterated tangent and cotangent bundles:
(1) The canonical involution on an iterated tangent bundle
which can be loosely described as 'interchanging the order of differentiation'. Regard elements of T 2 M = T (T M ) as represented by equivalence classes of squares ϕ : I 2 −→ M . Thus ϕ = ϕ(s, t) differentiates to a curve of tangent vectors X t = ∂ϕ ∂s (0, t) and X t in turn differentiates to ξ = d dt X t | 0 ∈ T X0 (T M ). Now J is induced by the map ϕ −→ ϕ • σ where σ(s, t) = (t, s).
(2) The Poisson anchor for the canonical symplectic structure on a cotangent bundle T * M :
Any Poisson structure on a manifold P induces a map # : T * P −→ T P which sends an exact differential δf to the Hamiltonian vector field X f . This map serves as the anchor of the Lie algebroid structure defined by the bracket of 1-forms. When P is the cotangent bundle c : T * M −→ M , the canonical symplectic structure is ω = δθ where θ is the 1-form which associates to η ∈ T α (T * M ) the pairing of α with T (c)(η) ∈ T M . Anyone who meets these diffeomorphisms for the first time must surely suspect that they are related. For example, one would like (2) and (3) to be duals of (1). However, it is not at first clear what one might mean by this.
The best way to understand these maps is to extend them into a more general framework.
2.
In this section we consider those aspects of the constructions which do not depend upon the bracket of vector fields or the dual symplectic structure.
First consider T 2 M . It has two vector bundle structures, the standard structure as the tangent bundle of T M , for which the projection is denoted p T M , and what we call the prolongation structure, with projection T (p M ) and operations which are obtained by applying the tangent functor T to the operations in T M . These two structures are represented in the diagram:
and this suggests that the answer to the question is (2)
That this is indeed so was proved in [9] . To find the dual of the other structure, T E −→ T M , apply T to the pairing
and so dualizing the horizontal structure in (1) gives (4) T (E
This is precisely the structure (1) with E replaced by E * . Now consider more general structures of this type. A double vector bundle ( [10] ; see also [5, §1] ) is a manifold D with two vector bundle structures, on bases A and B, each of which is a vector bundle on base M ,
such that the structure maps of each vector bundle structure on D are vector bundle morphisms with respect to the other. Precisely: for the horizontal structure, • the projection q H : D −→ B is a vector bundle morphism over the projection q A : A −→ M ;
• the zero section B −→ D is a vector bundle morphism over the zero section M −→ A;
• the addition D × B D −→ D is a vector bundle morphism over the addition
• the scalar multiplication D × R −→ D is a vector bundle morphism over the scalar multiplication A × R −→ A.
The first three conditions are precisely those which ensure that for four elements
is defined, the RHS is defined and the two sides are equal. That (1) is indeed a double vector bundle is easily verified. Now consider the intersection of the two kernels
A priori, there is no reason to expect this to have a natural algebraic structure. However, each structure on D induces a vector bundle structure on C with base M , and these two structures coincide. Pradines' terminology in [10] was coeur ; we call it the core of D .
There is again a short exact sequence
and we get another double vector bundle
The vector bundles D * V −→ C * and D * H −→ C * are themselves dual under a pairing which is canonical up to sign and which respects the double vector bundle structures.
To define the pairing, consider elements Φ ∈ D * V and Ψ ∈ D * H , shown with their various projections as follows:
where a ∈ A, b ∈ B and κ ∈ C * . The given elements must of course lie over the same point of C * . Now given a and b over the same m ∈ M , there exist elements
We could equally well reverse the order on the RHS. The statement in the theorem that this duality respects the double vector bundle structures means that the induced isomorphism from the dual of D * V −→ C * to D * H −→ C * is in fact an isomorphism of double vector bundles.
Example: Consider D = T E as in (1) . We observed that the two duals are D * V = T * E as in (2) and D * H = T (E * ) as in (4) . So Theorem 1 implies that there is a non-degenerate pairing of the two bundles
To recognize what this is, write A = E * . Then the statement is that the two bundles
are isomorphic as double vector bundles. That this is so was proved (by different methods) in [9] . To state the result precisely: Given a vector bundle A −→ M , there is a canonical isomorphism of double vector bundles R A : T * (A * ) −→ T * (A) over A and A * , which is an anti-symplectomorphism and which induces the negative of the identity on the cores T * M −→ T * M . A proof of the next result is also in [9] .
Proposition: For any manifold M , the composite
The significance of this is that R is defined for arbitrary vector bundles, without reference to any structures of bracket type. Thus the Tulczyjew isomorphism could be intrinsically defined in terms of the symplectic structure on T * M and the map R. (The definition in [12] uses the canonical involution on T 2 M and the pairing which induces (3); see the example at the end of §3 below.)
Before we move on to consider the role of bracket structures in this context, it is interesting to observe that Theorem 1 is forced upon us by the simple pursuit of diagrams. Take an arbitrary double vector bundle and apply the tangent functor to get the triple structure in Figure 1(a) . (The diagrams should be viewed as coming out of the page to the right.) Now dualize the bundle T D −→ D. The rear square is precisely of the form (1), but when we dualize D we do so over B and so the dual is the horizontal dual. Likewise the left side face is of the form (1) but when we dualize D we do so over A, and so obtain the vertical dual. Now it is easy to guess that the eighth vertex must be C * and one can then verify that Figure 1(b) is indeed a triple vector bundle. Using the isomorphisms R for the left and rear sides, we know that
as double vector bundles and
we are forced to the conclusion that the top face must also be of the form (2) , and that D * V and D * H must be duals.
3.
Bracket structures arise naturally from the differentiation of Lie groupoids. To proceed further, we thus need to consider general double Lie groupoids as in [5] .
Applying the Lie functor to the vertical structures gives the diagram on the left below [5] . That the Lie algebroid A V S of the vertical structure inherits a groupoid structure with base AV follows directly by observing that the Lie functor -like the tangent functor -preserves diagrams and pullbacks. The horizontal groupoid structures and the vertical Lie algebroid structures are compatible in the same way as in the definition of a double vector bundle above. Now applying the Lie functor a second time, to the horizontal structures, gives the diagram on the right [7] . This is a double Lie algebroid, but for the moment we will be concerned with it as a double vector bundle.
(6)
We could equally well apply the Lie functor first horizontally and then vertically, obtaining the following structures.
The concept of core extends to double groupoids [2] , [5] and in the case of S above yields a Lie groupoid K on base M , the Lie algebroid of which is the core of the two double vector bundles A V (A H S) and A H (A V S).
The Lie functor is a kind of generalized tangent functor, and both A V (A H S) and A H (A V S) are submanifolds of T 2 S. Further, the canonical involution J carries A V (A H S) onto A H (A V S) [7] . Denote this restricted map by j S . This is an isomorphism of double vector bundles, as in Figure 2 .
Dualizing j S over AH we obtain a map
The structure on the domain is the ordinary dual of the Lie algebroid of a Lie groupoid. On the target, however, the solidus indicates that we have taken the dual of a prolongation structure. As with the case 
is a structure obtained by applying to A V S an extended form of the duality for double vector bundles (see [11] or [6] ). Denote the isomorphism A(A *
We then define a generalization of the Tulczyjew isomorphism by In conclusion, it is worthwhile noticing the different degrees of development required by the various canonical diffeomorphims which we have discussed. The map R A : T * (A * ) −→ T * (A) is the simplest, requiring only a single ordinary vector bundle. The Tulczyjew diffeomorphism requires the notion of double Lie groupoid, and of its associated double Lie algebroid, but involves only the simpler aspects of that construction -a dualization of the map j as a morphism of double vector bundles and the prolongation of a pairing which exists on the level of the intermediate structures A V S. The maps D V and D H , on the other hand, require a detailed consideration of the structure of the symplectic double groupoid associated with a double Lie groupoid. As was shown in [6] and [8] , this structure is the key to the general notion of double Lie algebroid.
